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Abstract

Numerous systems in nature, such as biological systems and active matter, use the energy of fuels in
the surrounding environment to perform work through nonequilibrium processes. For example, all life
phenomena occur by consuming a fuel called ATP. To understand such processes, we should describe
the transformation process between work and heat with thermodynamics. In this thesis, we developed
a new method to measure generated heat in the nonequilibrium process of complex systems with high
degrees of freedom using deep learning; we also studied to find out the optimal mechanism for maximizing
the work of such systems. First, we developed the neural estimator for entropy production (NEEP), a
novel method for inferring entropy production (EP) in a nonequilibrium process. While EP is a key
quantity in stochastic thermodynamics to describe the energetics of the process, it is difficult to measure
using the conventional methods due to the curse of dimensionality when the system has high degrees
of freedom. Our NEEP can efficiently address this problem by using deep learning. In particular, this
method estimates EP with only trajectory data of the relevant variables, without information about the
underlying mechanism of the process. Next, we studied through deep reinforcement learning what the
optimal mechanism would be for the nonequilibrium system to perform work optimally. To be specific,

we investigated the transport phenomena in small biological systems that have been described by a



collective flashing ratchet model. This model transports particles using an asymmetric potential, and
the net current of the particles can be increased by feedback control based on the particle positions.
Several feedback strategies for maximizing the current have been proposed, but optimal policies have
not been reported for a moderate number of particles. The results showed that policies discovered by
deep reinforcement learning outperform the previous policies. Moreover, we demonstrated this approach
by application to a time-delayed feedback situation that occurs in actual experiments. Our Al-based
approaches presented in this thesis are expected to be useful for understanding complex nonequilibrium

systems in nature.

Keywords Nonequilibrium statistical physics, Stochastic thermodynamics, Deep learning, Artificial

intelligence, Reinforcement learning
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Chapter 1. Introduction

Classical thermodynamics (or macroscopic thermodynamics) provides a framework for describing the
average behavior of macroscopic systems, consist of a large number N of particles, using thermodynamic
variables such as temperature, energy, entropy, and others. Its core result is that a quantity called entropy
production can never decrease in any process. This result, called the second law of thermodynamics,
leads to fundamental limits on the efficiency of heat engines and refrigerators. In the macroscopic
world, the fluctuations in thermodynamic variables are negligible because the relative deviations from
the mean value are proportional to 1/ VN, therefore the results from classical thermodynamics are valid
in the thermodynamic limit (i.e. N — oo with fixed density). But, when we observe the microscopic
system with a very small time scale, the fluctuations are not negligible and play an important role in
the dynamics. Also, most of the systems in the small world we interest in, such as colloidal particles,
biopolymers, and molecular motors, are in a non-equilibrium regime where classical thermodynamics
is hard to apply. In such non-equilibrium systems, we require the new framework called stochastic
thermodynamics [1] for describing the energetics of fluctuating dynamics.

Fluctuations in small systems can cause rare events that never occur in macroscopic systems, such as
entropy in a single trajectory transiently decrease. Here, ‘entropy in a single trajectory’, called stochastic
entropy, is a key idea in stochastic thermodynamics. Once the stochastic entropy is defined, one can
derive the fluctuation theorems which are exact relationships that express the properties of the probability
distribution of stochastic trajectories of the quantity, such as work and entropy [2]. Based on this, the
generalization of the second law of thermodynamics can be established in stochastic thermodynamics.
Moreover, another core result of stochastic thermodynamics is the generalization of the first law by
defining applied work, internal energy, and heat along individual trajectories [3]. Thereby, we are now
able to describe the behavior of the nonequilibrium systems through this framework.

Within this framework, the first step for understanding the energetics of the system is measuring
entropy production or dissipation. By measuring the entropy production of the nonequilibrium process,
one can tell whether the system is passive (in equilibrium) or active (out of equilibrium). And also, it
can be used to infer the used free energy during the process. For instance, biological processes perform
work using the energy released from the hydrolysis of ATP into ADP; so the sum of the dissipation and
the performed work is equal to the total chemical free energy of consumed ATP. However, measuring
entropy production through a calorimetric approach is challenging in small biological systems; because
the dissipated energy in the system is too small to make changes in the surrounding medium, such as
changes in the water temperature. Therefore, fluctuating trajectories of experimentally accessible degrees
of freedom are the only we can have in practice.

One of the key results in stochastic thermodynamics suggests that entropy production can be mea-
sured from trajectory data without information about the underlying mechanism of the systems. By
estimating the probability that a time-reversed trajectory, which is like playing a recorded video from an
experiment backward, will be observed in the ensemble of trajectories can infer the entropy production.
Various estimation methods based on it have been developed, but the required trajectory data needs to
first be divided into discrete microstates to obtain the empirical probability distributions. This first step
suffers from the curse of dimensionality as the degrees of freedom increase. Despite the recent advanced

measurement techniques, this problem forced us to coarse-grained the data into a few degrees of freedom



(typically one or two) even the recorded data has high degrees of freedom.

Chapter 2 presents the neural estimator for entropy production (NEEP), a novel type of estimator
that evaluates entropy production from the trajectories of relevant variables by deep learning. While
the previous methods need the empirical probability distribution for estimating the entropy production,
NEEP does not require such information. We will demonstrate that NEEP can efficiently estimate
entropy production from data even in high-dimensional space. In addition, we will verify that our
approach is even applicable to time-series data with unobservable variables, which is the usual situation
in practice.

Chapter 3 proposes a method for estimating the entropy production in a system with odd-parity
variables of which the sign changes under time-reversal operation. Most genuine dynamics include
velocity as a state variable; but to our best knowledge, previously developed methods for estimating the
entropy production are not applicable to systems with odd-parity state variables. In addition to velocity,
odd-parity variables are broadly found in many active systems such as flocks of birds, run-and-tumble
bacteria, and other biological systems. The inability to handle odd-parity variables originates from the
additional contributions to the entropy production, like asymmetry in the steady-state distribution and
asymmetry in the waiting-time distribution. In this chapter, we will introduce multiple neural estimators
for estimating the entropy production, and it will be demonstrated on nonequilibrium systems with odd-
parity variables.

Chapter 2 and Chapter 3 introduced methods for measuring the generated heat in a nonequilibrium
process; but, in order to fully understand the nonequilibrium process in nature, we also need to figure out
how the work is performed by what mechanism. In Chapter 4, we employ the deep reinforcement learning
framework to find what the optimal mechanism would be for a non-equilibrium system to perform work
optimally. To be more precise, we focused on the transport phenomena in small biological systems
such as ion pumping, molecular transportation, and motor proteins. A collective flashing ratchet, a
nonequilibrium model for the transport phenomena, induces a net current of Brownian particles using
a spatially periodic, asymmetric, and time-dependent on-off switchable potential. The net current of
the particles in this system can be substantially increased by feedback control based on the particle
positions. Several feedback policies for maximizing the current have been proposed, but optimal policies
have not been found for a moderate number of particles. In this chapter, we will use deep reinforcement
learning to find optimal policies in the collective flashing ratchet. In addition, we will demonstrate that
this method works well for a typical experimental situation, i.e. a time-delayed feedback situation where
the on-off switching of the potential is delayed.

Finally, we conclude this thesis with a concluding remark in Chapter 5.



Chapter 2. Deep learning for entropy production estimation

* This chapter is reproduced based on the following published paper with its figures, tables, and
contexts - D.-K. Kim, Y. Bae, S. Lee, and H. Jeong, Phys. Rev. Lett. 125, 140604 (2020).

2.1 Introduction

Nonequilibrium states are ubiquitously observed from colloidal particles to biological systems [4, 5,
6, 7, 8, 9]. Injection of energy, lack of relaxation time, or broken detailed balance are ordinary sources
of nonequilibrium, and in general, such systems are in contact with a heat bath such as a fluid. Thus,
to describe the behavior of a nonequilibrium system, it is necessary to investigate the energetics of the
system; however, experimentally, heat flow is difficult to measure directly [10, 11, 12, 13]. In this case,
measuring the entropy production (EP) can be one remedy to estimate heat flow in a nonequilibrium
system [1, 3, 13].

Many techniques have been developed to accurately measure EP, such as approaches calculating
probability currents and density [12, 14]. These methods require detailed information from a govern-
ing equation though, so to address this issue, a few methods to estimate the EP rate without such
detailed information have been proposed, including the plug-in method [15, 16, 17], the compression-
based estimator [18, 16, 17, 19, 20], and the thermodynamic uncertainty relation (TUR) based estima-
tor [21, 22, 14, 23, 24]. The plug-in and compression-based methods estimate the EP rate through the
Kullback—Leibler divergence, but they are only applicable for discrete state variables. And while the
TUR-based approach has recently been adopted in frameworks for the exact estimation of EP rates and
distributions in short time limits [22, 23, 24], estimating stochastic EP remains an unsolved issue for
continuous state variables.

Various fields in physics have been employing machine learning (ML) to solve a wide range of non-
trivial problems such as identifying relevant variables [25, 26, 27], identifying phase transitions [28, 29,
30, 31, 32, 33|, quantum many-body problems [34, 35, 36, 37, 38, 39, 40, 41], and others [42]. Likewise,
ML has also been applied to EP rate estimation [43, 24] as well as classification of the direction of time’s
arrow [44]. Relatedly, in the ML community, a recent work by Rahaman et al. [45] proposed a neural
network to measure an entropy-like quantity by unsupervised learning; however, the quantity was not
physically well defined, i.e. it had no scale. To the best of our knowledge, estimating EP using neural

networks has yet to be explored.

2.2 Neural estimator for entropy production

In this work, we propose the neural estimator for entropy production (NEEP), which can estimate
stochastic EP from the time-series data of relevant variables without detailed information on the dynamics
of the system. For Markov chain trajectory si, so, ..., sg, we build a function hy that takes two states, s;
and s;41, where 6 denotes the trainable neural network parameters. As shown in Fig. 2.1(a), the output
of NEEP is defined as

ASQ(Sta 3t+1) = he(St, St+1) - h0(3t+17 St)- (2-1)
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Figure 2.1: (a) Architecture of the neural estimator for entropy production (NEEP). (b) Illustration
of a multilayer perceptron (MLP) with three hidden layers for an N = 2 bead-spring model where

st = (21, 5).

Here, ASp(st, st+1) satisfies the antisymmetric relation ASy(ss, st41) = —ASp(st41,5:). We define the

objective function to be maximized as
J(0) = EEq, s, [ASo (81, 5141) — e~ 250 (s0sen)]) (2.2)

where E; denotes the expectation over ¢, which is uniformly sampled from {1,...,L — 1}, and E,, s, ,
is the expectation over transition s; — s;y1. If detailed balance is satisfied, then the transition s — s’
and its reverse transition s’ — s equally appear in the ensemble of the trajectories. In this case, the
optimized ASy is zero for all possible transitions, but if detailed balance is broken, then ASy becomes

larger due to more irreversible transitions. In steady state, J() can be written as
J[h = piTy; [(hij — hyji) — ef(h”*hji)} (2.3)
2

where we set h;; = h(s;, s;), pi = p(s;) is the steady-state probability density, and T}j; = p(s;,t+1]s;,t) is
a propagator. Because the neural networks tune output hog = h(sq, sg) by optimizing 8, the maximum

condition for Eq. (2.3) becomes

0 =0y, J[h] (2.4)

=2 [piTiﬂ'(l +em M) (510855 — Gipda)
i
(U e~ es50) Ty (1 4 ¢~ —hes))

Then the solution for the optimization problem is

PaTap

hag —hga =1n m, (2.5)
which is the definition of stochastic entropy production [1] when Tj; = f” Here, i-j is the time-reversal
propagator of T;;. This proof supports the ability of our NEEP to learn appropriate EP. We maximize
Eq. (2.2) via the stochastic gradient ascent method that is widely used in deep learning literature [46, 47].

See Section 2.5.1 for detailed descriptions on the training setup and algorithm.
To validate our approach, we estimate the EP of two widely studied nonequilibrium systems: the
bead-spring model for continuous state variables [8, 48, 14, 43] and the discrete flashing ratchet model
for discrete state variables [49, 16, 17]. To attempt more challenging problems, we additionally apply

NEEP to high-dimensional continuous models and a hidden Markov model.



2.3 Results

2.3.1 Continuous state variable case: bead-spring model

In the bead-spring model, N beads are coupled to the nearest beads or boundary walls by springs
and contacted with thermal heat baths at different temperatures, as described in Fig. 2.1(a). For dis-

placements x1, x2, ..., T, the dynamics of N-beads is governed by an overdamped Langevin equation

3.5'7; (T) :Aijxj (7') + v QkBTz/’Yfz (T), (26)

where A;; = (—20; ; +0; j+1 +6;+1,;)k/7. Here, k is a spring constant, v is the Stokes friction coefficient,
and the temperature T; of each heat bath linearly varies from Ty, to T;.. &; is an independent Gaussian
white noise satisfying E[&;(7)&;(7")] = 6;;6(7 — 7') where E denotes the ensemble average. We set all
the parameters to be dimensionless and kg = k = v = 1. The linearly varying temperature induces a
thermodynamic force that drives the system to a nonequilibrium state.

To attempt EP estimation in a system with continuous variables, we firstly consider N = 2 and
N = 5 bead-spring models. Here, ¢ is the analytical value of the ensemble-averaged EP rate (see
Section 2.5.3); Fig. 2.2(a) plots & for N = 2 (5) with a blue (orange) solid line. As illustrated in
Fig. 2.1(b), we employ a 3-hidden-layer multilayer perceptron (MLP) for hg. See Section 2.5.2 for the
configuration and robustness of the architecture. For training and test sets, we numerically sampled
103 positional trajectories in steady state for each model. Each trajectory was sampled with time step
A7 =102 1, and the total number of steps L is 10*. We present the training results at 7. /7}, = 0.1 in
Fig. 2.2(b—e). Note that all reported results in Fig. 2.2 are from the test set. We also demonstrate the
estimation ability of NEEP with various L (see Fig. 2.8 in Section 2.5.4).

For the N = 2 case, as shown in Fig. 2.2(b), it is observed that our estimator provides accurate values
not only for the ensemble average but also for a single trajectory over 7. Here, S(7) = ZZOAT AS(si, Sit1)
and o(7) = E[S(7)] where AS is the analytic stochastic EP per Ar. Figure 2.2(c) shows that the local EP
rate over the displacement space (x1,x2) calculated by NEEP (top panel) is the same as the analytical
solution (bottom panel). The local EP rate from NEEP at (z1,x2) is measured by averaging the EP
rate produced when a particle passes through the point (z1,z2).

To check the training process, we plot the estimated values of ¢y over training iteration in Fig. 2.2(d).
The dashed red line indicates ¢. Insets in Fig. 2.2(d) are scatter plots between ASy and AS in a randomly
sampled single trajectory. As can be seen in the left inset, there is no correlation between ASy and AS
before training. But after training (right inset), ASy is well-fitted to AS (coefficient of determination
R? =0.9931).

We apply the same process to the N = 5 bead-spring model, where estimating AS and ¢ using the
thermodynamic force is difficult due to the curse of dimensionality [14]. The result shows that ASy is
again well-fitted to AS with R? = 0.9660 (see Fig. 2.2(e)). We also train our estimator at T, in the
range of 1-10 with 7}, = 10, as indicated in Fig. 2.2(a), and verify that NEEP provides the exact EP rate
with small errors. Notably, these results are from the test set, implying that NEEP can be generalized
to estimate EP even for unseen data.

Estimating EP in high-dimensional Langevin systems has not been explored because of the curse of
dimensionality [23]. While a recent work [24] has made estimations of EP rates up to N = 15 using TUR,
here, we apply NEEP to bead-spring models with N = 8, 16, 32, 64, and 128. For each N, we set T}, = 10

1The time interval between the current and next states can affect the estimation of NEEP. For large enough time

intervals, the correlation between the two states weakens and NEEP may provide imprecise estimations.



Figure 2.2: (a) Entropy production (EP) rate as a function of T, /T}, for models with two and five beads.
The solid lines (symbols) indicate the analytical EP rate ¢ (estimated EP rate d9). (b) Cumulative EP
over time 7 along a single trajectory, which is randomly sampled from the test set. The inset shows the
ensemble-averaged EP. (c¢) Local EP rate as a function of 2; and x5. The top and bottom panels show
the NEEP and the analytical results, respectively. (d,e) ¢ with respect to training iteration for (d) two
beads and (e) five beads. The left (right) inset corresponds to results before (after) training, showing
scatter plots between AS and ASy with a fitted linear regression line (solid red line). The results in
(b—e) are performed at T,/T;, = 0.1. (f) Results of NEEP for high-dimensional bead-spring models. &y
as a function of N for each number of steps (L) are plotted with five different markers, as indicated in
the legend. The R? values of the linear regression between AS and ASy are shown in the inset. The
red dashed line denotes ¢. Error bars and shaded areas represent the standard deviation of estimations

from five independently trained estimators.

and T to a value where & = 1 (see Section 2.5.5). By increasing the training data points (103L), we can
see that gy for each N approaches 1 in Fig. 2.2(f). Although EP rate estimation errors of over 10% are
seen for N = 64 and 128, the R? values support that NEEP was able to learn the stochastic EP with
appreciable correlations (see the inset in Fig. 2.2(f)). Note that, with an increasing number of beads,
the architecture of NEEP does not change except for the number of input nodes (2N), which means that
our neural estimator’s computation time and the number of parameters are linearly proportional to N.
Based on these points, we show that NEEP can efficiently mitigate the curse of dimensionality through

a neural network.

2.3.2 Discrete state variable case: discrete flashing ratchet

Next, we demonstrate our method on the discrete flashing ratchet model [49], which consists of a
particle moving in a one-dimensional periodic lattice. The particle is in contact with a heat bath at
temperature T' and drifts in a periodic asymmetric sawtooth potential (see Fig. 2.3(b)). For brevity, we
set kg = T = 1. In this model, the particle state has two variables, x and 7, where x € {0, 1,2} is the
position and 7 € {ON, OFF} is the on/off potential; the state is indicated as i = (¢, ON) and i’ = (i, OFF).



Transition rates between each state s € {0,1,2,0',1’,2'} are defined as k;; = e(Vi=Vi)/2 and kyj =1
for i # j where V; is the potential at i that switches on and off at rate r = 1, i.e. kv = kyy = 7. As
in a previous work [16], we generate a series of states and remove the information of the times when
transitions occur; in this case, the analytic EP per step is given as ¢ = Zaﬁp(a, B) (Vo — V3).

We construct the NEEP as shown in Fig. 2.3(a) using an embedding layer that transforms a discrete
state into a trainable continuous vector called an embedding vector. After the transformation, we feed
the two embedding vectors of states s; and s;y; to the MLP (see Section 2.5.2 for the architecture
configuration). From a set of different potential values, we sampled two single trajectories with L = 10°
steps for each potential V' (0 < V' < 15); one trajectory is used for training and the other for testing. For
the training data, we build five NEEPs, randomly initialized with five different random seeds for each
potential. Figure 2.3(c) shows that ¢ is within the error bar of the NEEP estimations of EP per step &y
where V' < 8. For V in the range 8-14, the overfitting [47] problem occurs due to a lack of transitions
from low to high potential, which leads to an underestimation of 64 (Fig. 2.3(c)). See Section 2.5.4 for a
more detailed discussion on how we address the overfitting issue. For 14 < V| the probability to detect
the 0 — 2 transition is below 0.5 in our simulation with L = 10°. In this case, 4 diverges because of no

observation of the 0 — 2 transition (see Fig. 2.9 in Section 2.5.5).
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Figure 2.3: (a) NEEP architecture for discrete state Markov chains. (b) Schematic of a discrete flashing
ratchet model. (c) Entropy production per step as a function of potential V. Error bars represent the

standard deviation of ¢y from five independently trained estimators.



2.3.3 Markov systems with unobservable states

So far, Markovian systems with completely observable states have been tested; however, full state
information cannot often be accessed, with only some coarse-grained variables typically available. In such
cases, the EP of a coarse-grained trajectory, called coarse-grained EP, is measurable [50, 51, 52, 53]. To
test for coarse-grained EP estimation, we assume that the on/off information 7 is now inaccessible [16, 17].
To address this problem, we build hg with a recurrent neural network (RNN), a popular network to
consider memory effects in time-series data. We employ a gated recurrent unit (GRU) [54] for the RNN.
As shown in Fig. 2.4(a), the RNN version of NEEP (RNEEP) takes input as a series of states with a
sequence length of n, and the outputs of the GRU are averaged over the sequence and then fed to a

single layer feed-forward neural network, which is the last layer. Now, the RNEEP output is defined as
ASy(xi') = ho(x) — ho(z1), (2.7)

and the objective function is defined as
J(0) = E(E g ) [ASo (@) — =250 (2.8)

where €} = (T4, Tt 41, ooy Tean—1) and N7 = (9, Pet1,y -y Neyn—1). Here, T is the time-reversed trajectory
of . In steady state, the solution for this optimization problem is the stochastic coarse-grained EP

along the trajectory &” (see Section 2.5.6 for the proof):

2 PN pat) (2.9)

> oqn p(@ M) p(x")

Here, the ensemble-averaged coarse-grained EP of trajectory «™ per step is denoted as

S"=E {nil In ig:g] . (2.10)

ASp(z") =1n

In general, ™ provides a lower bound on the actual EP per step & [16, 17].
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Figure 2.4: (a) An RNN version of NEEP (RNEEP) for a hidden Markov model. (b) Results of RNEEP
for a partial information problem. The estimations Zg as a function of potential V' for each sequence
length n are plotted with six different markers as shown in the legend. The black x’s are the semianalytical
values of £°°. The inset shows a plot of the y-axis in log scale. The red (blue) dashed line denotes the
analytic value of & (22) See Fig. 2.10 in Section 2.5.5 for a comparison with & in linear scale. Error

bars represent the standard deviation of estimations from five independently trained estimators.

For 0 <V < 2, we train the RNEEP with six different sequence lengths, n = 2, 8,16, 32, 64, and 128,
for maximizing Eq. (2.8) using the position trajectory with L =5 x 107. As can be seen in Fig. 2.4(b),
with increasing sequence length n, the estimation of RNEEP (23) approaches the semianalytical value
of the coarse-grained EP per step for n — oo (X%°) [17]. We can verify that Y2 is well-fitted to the
analytic value of ¥2, but it remains difficult to estimate for V' < 1 (see the inset in Fig. 2.4(b)), because
the number of transitions between any two positions, e.g. x — y or y — x, appears almost equally in
the trajectory. While directly estimating Eq. (2.9) by counting the frequency of ™ is not possible for

n > 16 due to the curse of dimensionality, the RNEEP can resolve this issue and enable us to estimate



the coarse-grained EP up to n = 128 (see Fig. 2.11 and Fig. 2.12 in Section 2.5.5).

2.4 Discussion

In conclusion, we have developed a novel method, named NEEP, for estimating entropy production
via neural networks. Our method does not require detailed information on the system dynamics, but
only trajectories of relevant variables. We proved that our method produces appropriate EP when the
given system has a Markovian property and is in nonequilibrium steady state. We have demonstrated
that NEEP precisely estimates the true EP rate of two nonequilibrium systems, namely bead-spring
and discrete flashing ratchet models. We estimated the stochastic EP along a single trajectory and the
spatial pattern of the EP rate. In a continuous high-dimensional case, we verified that NEEP efficiently
addresses the curse of dimensionality. Moreover, as a system without full description, we considered a
hidden Markov model, with results showing that our estimator can provide coarse-grained EP.

In previous approaches [13], estimation of the probability distribution and the probability current
was essential to quantify how far the system is out of equilibrium. As NEEP does not require such
estimation or detailed information of the system, we expect our estimator to be applicable to various
fields such as active matter, biological systems, information machines, electronic devices, and others.
This approach will be particularly useful to investigate the stochastic energetics and spatiotemporal
patterns of dissipated energy in various systems. We further expect our method to be applicable to
the understanding of complex nonequilibrium systems, e.g. soft biological assemblies [48] or molecular
motors with hidden internal states [55]. As a future work, modifying our NEEP method to estimate EP
in more general nonequilibrium systems like time-dependent states will be intriguing.

The code for NEEP, implemented in PyTorch [56], is available in the GitHub repository?.

thtps ://github. com/kdkyum/neep
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2.5 Supporting Information

2.5.1 Training setup and algorithm

We employ ReLU [57] as the activation function for the neural estimator for entropy production
(NEEP). We train the estimators with the Adam [58] optimizer using the following hyper-parameters:
learning rate 10, weight decay 5 x 107°, and batch size 4096. We use these hyper-parameters for all
processes unless noted. See Algorithm 2.1 for our training procedure. All runs were conducted on a
single NVIDIA TITAN V GPU.

Algorithm 2.1 Training the NEEP

Require: Estimator ASp, optimizer, training set Diain = {(s}, 85, ..., 87 ) }iz1,.. . where L is the tra-

jectory length and M is the number of trajectories
1: loop
2:  Compute

s 1

J(0) B > {ASe(Si,SiH)—e‘A59(8i731+1>} (2.11)

(i,t)eB
where B is a randomly sampled subset of {1,..., M} x {1,..., L — 1} where X is a Cartesian product.
The total number of the sampled data points |B] is equal to the batch size.

3. Compute gradients Vy.J(6).

4:  Update parameters # with the optimizer.

5: end loop

2.5.2 Architecture robustness and Evaluation metric

The purpose of training is to get the maximum value of J in general, not only for training set Dy, ain,

and therefore we evaluate Jiest(6) with test set Diest after training where
Jrest (0) = ]\4(%—1) | Z [ASg(si,siH) - e*ASS(Si’SiH)} . (2.12)

(84,871 1)EDrest
For the N = 5 bead-spring model, we train NEEP built with various MLP configurations over 10°
training iterations: numbers of hidden layers of 1, 2, 3, and 4 and numbers of hidden units (H) of 32,
64, 128, 256, 512, and 1024. See Table 2.1 for the architecture details. After training, we evaluate the
EP rate estimation 6y and Jiest(6) (Eq. (2.12)) for each MLP configuration. Figure 2.5(a) shows that
EP rate estimations are robust to different model configurations and within a 10% error analytic EP
rate (red dashed line). The inset in Fig. 2.5(a) shows the Jiest(0) for each MLP configuration. As can
be seen, the MLP configurations with Jiest(#) < —0.9940 either underestimate (single-layer MLPs) or
overestimate (4-hidden-layer MLP with 1024 hidden units) as compared to other configurations. This
supports that Jiest(0) can evaluate whether the NEEP has learned EP well. Based on these observations,
we choose the 3-hidden-layer MLP architecture with H = 256, which shows the highest Jiest(0) value,
for hy in the paper.

For the discrete flashing ratchet model, we train NEEP built with various configurations (see Ta-
ble 2.2) over 5 x 10 training iterations: numbers of hidden layers of 1, 2, 3, and 4 and dimensions of
the embedding vector (H) of 4, 8, 16, 32, 64, and 128. As with the previous results for the bead-spring

model, the estimations of EP per step are robust to the configurations except for overparameterized
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models (see Fig. 2.5(b)).
H =128 for hy in the paper.

As shown in Fig 2.5(b) inset, we choose the single-hidden-layer MLP with

The large variances in Jyest(0) and ¢y for overparameterized models (see the inset in Fig. 2.5(b)) are

addressed in Section 2.5.4.
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Figure 2.5: Estimations on EP rate (per step) dy with multiple architecture configurations. Training
and test set data are generated at (a) T./T}, = 0.1 with M = 103 and L = 10* for five-bead models and
at (b) V =8 with M = 1 and L = 10° for discrete flashing ratchet models. The insets shows the Jies;(6)
values after training. The red dashed line denotes the analytic EP rate (EP per step) ¢. Error bars

represent the standard deviation of the evaluated values from five independently trained estimators.

3-hidden-layer MLP NEEP

Layer Output dim | Activation function
Input (s¢, St41) | 2N

Fully-connected | H ReLLU
Fully-connected | H ReLU
Fully-connected | H ReLU

Output layer 1 None

Table 2.1: Three-hidden-layer MLP configuration for N bead-spring model. H is the number of hidden

units.

Embedding-MLP NEEP

Layer

Output dim

Activation function

Input s

Embedding
Concatenate (¢, St41)
Fully-connected

Output layer

{0,1,2,0/,1",2'}
H

2H

2H

1

ReLlU

None

Table 2.2: MLP with embedding layer for discrete flashing ratchet model. H is the size of the embedding

dimension.
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2.5.3 Analytic description of bead-spring model

The dynamics of the beads can be described by an overdamped Langevin equation given by
&i(T) =Aija; (1) + /2kTi /7&i(T), (2.13)

where A;j = —2k/v 6, ; +k/v (§i j+1 + 6ix15), ® = (x1(7), 22(7), ..., xn (7)), & = (§&1(7),&2(T), ..., En(T))
and the temperature T; of each heat bath linearly varies from T}, to T.. These different temperatures
induce a thermodynamic force which drives the system out of equilibrium. Here, v is the Stokes friction
coefficient, and £ is an independent Gaussian white noise vector satisfying E[¢;(7)§;(7")] = §;;0(7 — 7).
For brevity, we set kg = 1. To calculate the EP of the bead-spring model, we have to consider the

Fokker—Planck equation given by

(] (2.14)
where the probability current j(x,7) is defined by
j(mvT) = Aasp(a:,r) - DV])(%,T) (215)

Here, D is the diffusion matrix defined as diag{T;/v, --, Tn/v}. Since our system is an Ornstein—
Uhlenbeck process, the steady-state probability density function is Gaussian as p(z) o< exp[—(1/2)zT C~1x]
with a covariance matrix C. Using the Lyapunov equation AC + CAT = —2D, the probability density
function and the probability current in steady state, p(x) and jss(x), can be obtained.

The EP rate along a trajectory is given by [2]

. aT - TD—l
$ry = @) j@ ) DT (2.16)
p(x,7) la(r) p(e,7)  la(r)
Because the first term on the right-hand side vanishes in steady state, the ensemble averaged entropy

production rate is obtained by
. TD—l
b= /da: szs(w) = Tr[D'ACAT — C'D], (2.17)
p(z)
where Tr[] is the trace operator. We used the Lyapunov equation to derive the last expression in
Eq. (2.17).
For N = 2, the deterministic term A = £ (’12 _12) and the diffusion matrix D = 1 (T01 - ). The
v v 2

covariance matrix can be derived by the Lyapunov equation as

RE\AT+T.) Tu+7T. ) '
Using Eq. (2.18), ¢ for N = 2 is obtained as
k(T — T.)?
P i (2.19)
AT T
In the same way, ¢ for the N = 5 bead-spring model can be obtained as
E(Th — T.)?(111T2 + 4301, T + 11172
(Th, )*( b +430TL T + =) (2.20)

495’}/ThTC(3Th + TC)<Th + 3TC)

For N =8, 16, 32, 64, and 128 bead-spring models, we can also calcuate ¢ using Eq. (2.17).
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We analytically calculated the local EP rate in Fig. 2.2(c) (bottom) using the integrand of Eq. (2.17).
Because NEEP estimates along the time evolution of a particle, the local EP rate from NEEP &gy(x) is

measured by the following equation:

L
, 1
Go(z) = > Owwp ASp(1, Tig1), (2.21)
t=0

LAT —

where A7 is the time step of a trajectory @1, ...,z and & = (z; + @141)/2.

2.5.4 Overfitting

Algorithm 2.2 Monitoring Jiest(6) during training

Require: Estimator ASy, optimizer, training set Di,ain, test set Diegt.
Require: Best model parameter 6*, best value Jpest-
1: Initialize Jyest < Jiest(0), 0 < 6.
2: loop
3. Compute J(0) (Eq. (2.11)) from Diyain.
4 Compute gradients V.J(6).
5:  Update parameters 6 with the optimizer.
6:  Compute Jiest(0) (Eq. (2.12)) from Diegt-
70 i Jiest () > Jpest then
8 Jpest < Jrest (6)
9 0 <0
10:  end if
11: end loop

In this section, we show an example of the overfitting phenomenon that occurs when we train the
NEEP for the N = 5 bead-spring trajectory with M = 103 and L = 200 at T,./T;, = 0.5. Figure 2.6(a)
shows that the gap between Jiin(0) and Jiest(6) keeps increasing. This phenomenon is called over-
fitting [47]. To address this problem, we monitor the Jiest(6) value during the training process. See
Algorithm 2.2 for details. Steps 6-10 in Algorithm 2.2 are computationally impractical, so we only run
these steps every 100 iterations. As can be seen in Fig. 2.6(b), Jiest(6) has a maximum value at a training
iteration of 400, which is marked with a yellow star. The EP rate estimation at the maximum value
G |test 18 represented with a red dotted line in Fig. 2.6(b). Figure 2.6(c) shows that EP estimation
using training set dglirain (orange line) keeps increasing, and EP estimation using test set dplest (blue
line) does not converge to a certain value; however, the dg: |test (green line) remains unchanged after the
training iteration of 400 and is close to the analytic EP rate ¢ (red dashed line).

In Section 2.5.2, there are large variances in Jyest (6) and 6g|test for overparameterized models. Here,
we employ Algorithm 2.2 for the same runs as in Fig. 2.5. Figure 2.7 shows that the variances of Gy« |test
and Jyest (6*) are significantly smaller than before (see Fig. 2.5). This result supports that Algorithm 2.2
can ensure robustness even for overparameterized neural network architectures.

Next, we train NEEP for various L with two- and five-bead models at T./T;, = 0.1, 0.5, and 1.
Figure 2.8 shows that dg«|test can estimate ¢ with small error even when the number of training data

points is small, while estimation of the five-bead model at T, /T}, = 0.1 approaches ¢ with increasing L.
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Figure 2.7: Estimations on EP rate (per step) dg«|test with multiple architecture configurations. Training
and test set data are generated at (a) T./T}, = 0.1 with M = 103 and L = 10* for five-bead models
and at (b) V = 8 with M = 1 and L = 10° for discrete flashing ratchet models. The insets show the
Jtest (0%) values. The red dashed lines denote the analytic EP rate (EP per step) ¢. Error bars represent

the standard deviation of the evaluated values from five independently trained estimators.
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2.5.5 Training details
Bead-spring model

For N = 2 and N = 5 bead-spring models, we report the EP rate estimation and stochastic EP
using the parameter 6 at the last training iteration in Fig. 2.2(a—e). The results of EP estimation with
0* are almost the same as the results with 6 because there is no overfitting issue. The number of training
iterations is 10°, and we evaluate Jieq every 10? iterations.

For the high-dimensional bead-spring model, we report g« |test in Fig. 2.2(f). Due to the variance of
each bead’s position being inhomogeneous, we normalize each position in a data preprocessing step, e.g.
Z; = (z; — mean(z;))/std(z;), where the mean and standard deviation are estimated from Dyyain. The
number of training iterations is 10°, the weight decay is 107°, and we evaluate Jyes, every 10 iterations.
At Ty, = 10, the respective T values for N = 8, 16, 32, 64, and 128 are 0.416997, 0.20768, 0.10358,
0.05171, and 0.02583, where the EP rate is one.

Discrete flashing ratchet

For the discrete flashing ratchet model with full information, we report dg«|test in Fig. 2.3(c). The
number of training iterations is 5 x 10%, and we evaluate Jies; every 100 iterations. Note that these runs
use a single trajectory, i.e. M = 1 in Algorithm 2.1. As can be seen in Fig. 2.9, ¢+ |test and g|test

have no difference when V' is less than 8 and approach the true value (red dashed line). At V = 12,

the overfitting issue is clearly shown as gliest diverges, but Gy« |test converges. Gy« |test also diverges for
V' > 14 because there is no 0 — 2 transition in the trajectory.

For the discrete flashing ratchet model with partial information, we report un, ltest in Fig. 2.4(b).
See Fig. 2.10 for a comparison between Zg* ltest and the actual EP per step & in linear scale. We set
the dimension of the embedding vector and the number of hidden units (H) in the GRU to 128. See
Table 2.3 for a detailed configuration of the RNEEP. We train the RNEEP with a trajectory length of
L =5x107, and the states 0/,1’, and 2’ are converted to 0, 1, and 2 to remove the ON/OFF information.
The number of training iterations is 10, and we evaluate Jiest every 102 iterations. Figure 2.11 shows
the training process of RNEEP with sequence lengths n = 32, 64, and 128 at potential V = 2. For
n = 32, there is no overfitting issue: Jirain, Jrest, and Jpest (Jrest(0%)) are almost identical, as can be
seen in Fig. 2.11(a). The overfitting issue occurs for n = 64 (see Fig. 2.11(b)). For n = 128, Fig. 2.11(c)
shows that Jiain and Jiesy values highly fluctuate, while Jyest is robust over the training iterations; the
variance of 23* test is also lower than 23|test.

We now compare the RNEEP (X7, |test) with a plug-in estimator (X7, ) that directly estimates

plug

Eq. (2.24) by counting the frequency of ™ [17]. Figure 2.12 shows that Zglug agrees with Z')g* |test for

n . cannot estimate well. We note that the plug-in estimator

plug
uses both training and test set data for a fair comparison with RNEEP.

n = 2 and n = 8; however, at n = 16, by
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RNEEP with sequence length n

Layer

Output dim

Activation function

Input =
Embedding
Concatenate "
GRU(z™)
Average

Output layer

{0,1,2}
H
nx H
nx H
H

None

None

1 None

Table 2.3: RNEEP configuration for the partial information problem.
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Figure 2.9: Estimations of EP per

Training iteration

Training iteration

Training iteration

step over training iteration with respect to nine different potential

V. Red dashed lines represent the analytic EP per step 6. The shaded areas represent the standard

deviation of estimations from five independently trained estimators.
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2.5.6 Proof for coarse-grained entropy production

In this section, we prove that our objective function J(#) has a maximum value when ASy is the

stochastic coarse-grained EP. In steady state, the objective function J(#) can be written as
T =SS pa" 0" [ha") — h@") — et HE] (222)
x™ nn

where n is the length of sequence ™ and

~n

x" = (1‘173:2’ "'a'rn)a T = (l‘n, "'aanxl)a

"7n = (77177727""7777,)7 ﬁn = (nna "'a7727771)-

The maximum condition for Eq. (2.22) can be obtained as follows:

0 =0n(am)J[h]
=3 (@™ ") (San @ — Oan am) [1 + e*(h(m”)*h(in))}
" nn
=3 pla ) [ e O HED) S () [14 e HE ) (223)
nn r,]TI,

= [1 4 @) [e<h<w’">h<f’">> S pa ) - S pE", n“>] .
n" n"

Then the solution for the optimization problem is

2 P p(@™) (2.24)
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Chapter 3. Estimating entropy production in a stochastic
system with odd-parity variables

* This chapter is reproduced based on the following paper with its figures and contexts - D.-K. Kim,
S. Lee, and H. Jeong, arXiv preprint arXiv:2112.04681.

3.1 Introduction

Entropy production (EP) plays an important role in the field of stochastic thermodynamics because
of its diverse relations to the dissipation, free energy, and fundamental bounds on the fluctuation of an
observable. Through the fluctuation relation [2], it has been found that EP has a symmetry that enables
us to measure the free energy difference from nonequilibrium experimental data [59]. Also, trade-off
relations between EP and the relative error of physical quantities have been discovered recently [21, 60,
61, 62]. Such relations can provide a tighter version of the thermodynamic second law and a universal
bound for fluctuations of diverse currents.

Following from the importance, various estimation methods for EP have been developed, such as
the plug-in method [16] and compression algorithm [19]. Also, the development of thermodynamic
uncertainty relations (TURs) open the possibility of measuring the EP in overdamped Langevin pro-
cesses [63]. To estimate the exact EP with TURs, we have to measure the relative error of EP, which
presents us with circular reasoning. To resolve this point, a few optimization strategies have been estab-
lished [14, 23, 24, 64]. However, measuring EP remains challenging because of the curse of dimensionality.

Recently, machine learning based algorithms for EP estimation have been developed to efficiently
mitigate such issues by using a neural network [65, 66, 67]. These methods employ neural networks
as an EP estimator [65], where the estimator is trained for optimizing the variational representation of
the EP [68]. Owing to the great power of neural networks, these approaches work well even in high-
dimensional systems. Moreover, unlike the TURs methods, the neural estimator can provide stochastic
EP directly from trajectory data without any correction [66].

Despite such progress, the developed methods have only considered systems with absent odd-parity
variables, of which the sign changes under time-reversal operation [69, 70, 71]. For instance, underdamped
Langevin dynamics includes an odd-parity variable called momentum [72]; in many cases, active matter
or other biological systems are often modeled with underdamped dynamics [73, 53]. To estimate the EP
of such systems, existing methodologies require additional information because the definition of EP in
these systems differs from that in systems without odd-parity variables. Indeed, TURs for underdamped
Langevin systems require detailed information about the systems [74, 75, 71], and therefore we cannot
exactly measure EP from only trajectory data using TURs. Due to these difficulties, to our knowledge,
methods for estimating EP in a stochastic system with odd-parity state variables have yet to be developed.

In this work, we propose a machine learning based method for estimating EP by using trajectory
data obtained from a stochastic system with odd-parity variables. The proposed method can be applied
to Langevin dynamics and Markov jump processes. For a system with continuous state variables, we
demonstrate our estimation method with an underdamped bead-spring model in Sec. 3.2, and for the
Markov jump case, we apply our approach in Sec. 3.3 to a one-particle odd-parity Markov jump process

in which the state variables are discrete and the time interval between jumps is continuous.
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3.2 Underdamped bead-spring model

In the underdamped bead spring model, N beads are coupled to the next nearest beads. Let
qg=(z1,...,2N,v1,...,0N) be a state vector of this model, and its time reversal counterpart is denoted
as ¢ = (x1,...,xN,—V1,...,—vy) where z; and v; are the position and velocity of the i-th bead,
respectively. Then, the dynamics of the state g with time 7 is governed by the following underdamped

Langevin equation:

4(r) = —M-q(7) + V2D - &(7), (3.1)

M:(O _'>, D:(O 0), (3.2)
AT 0T

where [A]ij = (26i,j — 5i,j+1 — 5i+1,j)k‘/m, [F]” = ’Y(Si,j, and [T]” = 5i7j'yk:BTi/m. OtheI‘WiSG7 E, is

a Gaussian noise vector with zero mean and variance given by (&;(7)&;(7)) = 9;;6(7 — 7’), and (...)

with

denotes the ensemble average. 0 and | are the N x N null and identity matrices, v is the friction
coefficient, and k is a spring constant. We set k =kg =y =1 "

For data preparation, we sample an ensemble of trajectories from Eq. (3.1). q; is sampled from
steady-state distribution (SSD) p(q), and we use the second-order integrator to sample a trajectory
(q1,92,-..,qL), where q; = q(tA7) with fixed sampling interval A7 [76]. In this case, the stochastic EP

per step is defined as

P(gi1]qt) I p(qr) 7
p(‘]t|¢1t+1) p(Qt+1)

ASiot (Qt7 Qt+1) =1In (33)

where the first (second) term on the right-hand side is the environment EP (system entropy change) [1].

In order to estimate Eq. (3.3), we employ the objective function proposed in Ref. [65]:
Jo, = (ASp, (qr, qre1) — e 250 (@) 1), (3.4)
where

ASp, (Qtaqt+1) = hg, (qtv Qt+1) — he, (§t+1> at),

and (...); denotes the expectation over ¢ and the ensemble. Here, we use a multi-layer perceptron (MLP)
for hg, , where 6 represents the trainable neural network parameters. Using the stochastic gradient ascent
method, we train the neural network hg, to find the optimal parameter 7 which gives the maximum

value of Eq. (3.4). The optimal parameter 67 gives

ASg; (gt Ge+1) = In p(qr, Gr+1)

P(qev1, 1)’ (3.5)

and this can be split into

P(qiq1]qr) n p(q) an(gm).

ASp: (qu, ==
0: (Gt Gr+1) P(qt|qii1) p(ge+1) p(Gi+1)

1Here, we note that [[i; is not &; jv/m but d; ;. This means that the governing equation is not reduced to an
overdamped Langevin equation when mass m approaches zero because the velocity autocorrelation is proportional to e=77

rather than e~ 77/m™.
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Therefore, the maximum value of Jy, is

— nP(Qt+1|Qt) n p(q:) np(fhﬂ)
J91 a <1 p(?jt|at+1) 1 p(qt+1) +1 p(&t+1)>t (36)

(Aot (er qisn))s + <1n g%’> . (3.7)

The last term of Eq. (3.7) is the Kullback-Leibler divergence between the SSD p(q) and its mirror state
distribution p(q). Equation (3.7) can be written as

JO{ =0AT+ <ASas(q)> ) (38)
where ¢ is the EP rate and AS,s(q) is the asymmetry in SSD-given state g:

ASas(g) =In g%. (3.9)

To measure the EP rate ¢, we need to estimate AS,s(q). To do so, we define another objective function:
Joo = (ASp,(q1) — e” 25009 1 1), (3.10)

where ASp,(q1) = he,(q:) — he,(q:) and hg, is another MLP. Using the same method as before, we

maximize Eq. (3.10). The optimal parameter 0% gives

ASgs(g:) = In i%;, (3.11)
JOS = <ASas(q)> (312)

Using the two trained neural estimators, the estimations of the stochastic EP AS;. and EP rate ¢ are,

respectively,
ASiot(qi, qr1) = ASe, (G, @i1) — ASp, (@i41), (3.13)
and
: Jo, — Jp
o= 27 (3.14)
AT
4 4 5 L5
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E / s .
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Figure 3.1: Entropy production rate as a function of 77 /75 in the underdamped bead-spring model for
m = 0.01 (left), 0.1 (middle), and 1 (right). The solid lines (blue dots) represent the analytical EP rate &
(estimated EP rate &) The insets are scatter plots of the analytical AS;. and the estimation ASM at
T, /T> = 0.1, where the red lines denote linear regression. Error bars represent the standard deviation

of & from five independently trained estimators.
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To verify our approach, we sample the training, validation, and test set data with sampling interval
A7 = 0.01, trajectory length L = 4000, ensemble size (number of trajectories) M = 10%, and number of
beads N = 2. We fix the temperature of the second bead to To = 10, and the datasets are sampled from
T, € {1,2,...,10}, each with three different values of mass m € {0.01,0.1, 1.0}.

We train two MLPs, hy, and hg,, to maximize Eq. (3.4) and Eq. (3.10), respectively, by using the
Adam optimizer [58] with learning rate 1075 and batch size 4096. Each MLP has a single output unit
and two hidden layers of 256 units with rectified linear units (ReLU) nonlinearity. The parameters of
these MLPs are initialized with the orthogonal initialization scheme [77], which is good for stable and
efficient convergence. We use this setup for all training processes unless otherwise noted. As a data
preprocessing step, we normalize each position and velocity in state q before feeding to the MLPs. The
total number of training iterations is 10°, and we evaluate Jp, and Jy, values from the validation set
every 400 training iterations. The best trained parameters {0}, 07} are obtained by monitoring the J,
and Jp, values during the training processes. Throughout this work, all the results in the figures are
evaluated from the test set, where the error bars represent the standard deviation of the estimations
from five independently trained estimators.

In Fig. 3.1, we plot the training results for estimating EP in the underdamped bead-spring model.
For m = 0.01 and m = 0.1 (left and middle plot), the estimated EP rates & (blue dots) are well
matched with the analytic EP rates ¢ (solid lines) with small variance. The insets in Fig. 3.1 are scatter
plots between the estimated stochastic EP AS’tot and analytic stochastic EP AS;.; with a fitted linear
regression line (red line), showing that the stochastic EP is also well estimated with high R? values.
However, the training result for m = 1 (right plot) shows high variance in the EP rate estimation at
Ty/T> = 0.1, and the stochastic EP is inaccurately estimated with R? = 0.7656.

In order to identify these inaccuracies, in Fig. 3.2 we compare the analytic value of (AS,s) and EP
per step A7 while changing the mass m at T} /T» = 0.1. As can be seen in the figure, the total EP per
step is much larger than (AS,s) in the small m regime, but with increasing m, the total EP per step
becomes smaller than (ASys). At m = 1, the ratio 6AT/{AS,s) is almost 0.01; such a small ratio leads
to a very slight difference between Eq. (3.8) and Eq. (3.12), which may contribute to the difficulty in EP
estimation from Eq. (3.14) that optimizes Jy, and Jy, separately.

101 E

100 J

103 102 10! 109 10! 102
m

Figure 3.2: Entropy production per step over (AS,s) as a function of mass m at Ty /75 = 0.1.
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3.3 One-particle odd-parity Markov jump process

Next, we consider a one-particle Markov jump process on a ring with N sites [70]. In this model,

the particle state is defined as ¢ = (n,v), and its time reversal state is denoted as ¢ = (n, —v) where

n € {1,...,N} is the position variable and v € {—1,+1} is velocity variable. The master equation is
given as
p(g,t) = Y [wa.qp(dst) — wg qp(q,t)], (3.15)
q9'#q

where wgq 4 denotes the transition rate for the jump from g to g’, and the transition rates are given as
Wintv,+0),(n,4v) = frv a0d W(p 30),(n,4v) = T+v- For a jump of waiting time 7 (¢ — ¢, 7), the entropy

production [70, 55] is written as

—7/T
Wq',q€ i

ASiot(g,q',7) =1
t t(q q T) an’q,e,.r/,rq p(q/)

, (3.16)

where p(q) = p(g, ) is the steady state of Eq. (3.15). The rightmost term in Eq. (3.16) is the system
EP of the steady state. The first term on the right-hand side denotes the EP due to the jump and the
wait. The numerator wq/ qt)q(7) is the transition rate g — g’ after waiting for time 7 in the state g. The
denominator wq,q/e_T/ 74 is the corresponding reversed transition rate with 7 waiting time in the state q
after a jump ¢' — g. The mean waiting time of the state g is 74 =1/, wq' q-

For a Markov jump process, we represent a trajectory I' as a sequence of jumps:

I'={(q1 = q2,71),..., (@ = Qiy1,7i),... }, (3.17)

where ¢; denotes the ¢-th state. To train neural networks with the sequence of jumps, we rearrange
Eq. (3.17) into

R(q') R(q)
ASioi(q,q',7) =In +In——=
o(4.47) R(q¢) = R(q)
Pq,q2(q) Yq(T)R(q)
+1n 2 41 (3.18)
rg.qR(q") Yg(T)R(q)
+In TaTq"
Tg,Tq'
=ASu(g,q',7) +1n L9 (3.19)
Tq, Tq/

where pgr.q = Tqwg,q denotes the jump probability from g to ¢’ and Ry = Tq’lp(q)/zq, T,;lp(q’) is
the stationary probability distribution of jump probabilities pgr 4 [55]. The waiting time distribution

_ e "/Ta

(WTD) in the state q is denoted by 1q(7) = — The last term of Eq. (3.18), which consists of

T

mean waiting times, can be directly measured from without any estimator hence we focus on estimating
ASa1t(q, g, 7). Because the average of the last term is zero, an averaged total entropy production and an
averaged alternative entropy production are the same (AS;ot) = (ASa). To estimate the stochastic EP
[Eq. (3.18)], we require three kinds of estimators: ASy,, ASp,, and ASy,. The first and second terms on
the right-hand side of Eq. (3.18) can be estimated with ASy,(q) and ASy,(q’), respectively. The third
term can be estimated with ASy, (g, q’). We use the same objective functions as the previous section,
Eq. (3.10) and Eq. (3.4), for training ASp, and ASp,, but we develop a different kind of estimator with

a new objective function for estimating the fourth term on the right-hand side of Eq. (3.18):

Jo, = (ASy,(q,7) — e~ A6y (a7) 4 1), (3.20)
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where

ASe,(q,7) = ho,(q,7) — ho,(q, 7). (3:21)
The optimal parameter 63 gives
(1) Rq
ASys(q,7) =1n +In —, 3.22
Jog = (AS0, (g, 7))+ + (ASus(@))- (3.23)

The first term of Eq. (3.22) is the contribution from the waiting time 7 to the EP. We denote this

contribution as

Aﬁwm%ﬂ:mﬁg; (3.24)

Then, using these three trained neural estimators, we can estimate the EP AS,;; and EP rate & with
the following equations:
ASa(q.q',7) = ASo, (q,9") + ASe,(q,7)
— ASp,(q) — ASe, (d'),

(3.25)

and

ng + J92 — 2J90

Tavg

o= (3.26)
where T,v, denotes the average of the waiting time 7 from the trajectory data. To handle the discrete
state variables, we replace the input layers of hg,, hg,, and hg, with an embedding layer that converts
discrete values into continuous space vectors. The dimension of the embedding layer is 128; other neural

network configurations and training setup are the same as in the previous section.
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Figure 3.3: Entropy production rate as a function of ¢ in the one-particle odd-parity Markov jump
process. The inset is a scatter plot of ASiot and AS‘tot at ¢ = 10 where the red line denotes the linear

regression. The standard deviation (error bar) of the EP rate estimation & is much smaller than the

symbol size.

26



To validate this method, we sample an ensemble of trajectories with total number of jumps L = 104,
ensemble size M = 50, and number of sites N = 10. The Gillespie algorithm [78] is used for sampling a

sequence of L — 1 jumps,

r= {(fh — Q2771)» s (QL—l — (JL,TL71)}~

We set the transition rates as f, =r_, =1, f_, =1+ 0.1¢, and r, = 1 + 0.2¢, where c is a positive real
number. Each of the training, validation, and test trajectory datasets are sampled with ¢ in the 0-20
range. When ¢ = 0, the steady state of this system is in equilibrium. Non-zero ¢ induces thermodynamic
currents and increases EP in the steady state.

We train three neural networks hg,, he,, ho, to maximize Jy,, Jo,, and Jy,, respectively. The total
training iterations are 104, and Jy,, Jp,, and Jp, are evaluated every 500 iterations from the validation
dataset. As shown in Fig. 3.3, the EP rate estimation o [Eq. (3.26)] agrees with the analytic EP rate ¢.
A scatter plot between ASio; and AS;o [Eq. (3.25)] at ¢ = 10 with a fitted linear regression line (red
line) is shown in the Fig. 3.3 inset. Overall R? values of the linear regression between AS,; and AS’aM

are above 0.99.

3.4 Discussion

Unlike systems with only even-parity variables, in which EP can be estimated with a single neural
estimator [65], we require additional estimators to treat the mirror state asymmetry AS,s [Eq. (3.9)]
and waiting-time contribution ASwrp [Eq. (3.24)] in the estimation of EP in systems with odd-parity
variables.

The first example in this work demonstrated that EP in the underdamped bead-spring model can
be estimated by two neural estimators ASp, and ASp, which are trained to maximize Jy, and Jp,,
respectively. However, this method has a limitation when Jy, and Jg, values are very close to each
other; a small difference between these two values may cause a high variance in the EP estimations. This
problem comes the training of two independent objective functions Jy, and Jy,. As shown in Eq. (3.12)
and Eq. (3.8), Jp, includes contribution from (ASys) [Eq. (3.9)], so if the (S,s) contribution in Jy, is
dominant, then estimating the EP from the difference between Jp, and Jy, might be hard. Also, &
[Eq. (3.14)] is not a lower bound on EP rate 6. While Jy, and Jp, are the lower bounds on Eq. (3.12)
and Eq. (3.8), respectively, this does not guarantee that & = (Jp, — Jg,)/AT is a lower bound on the
EP rate. Therefore, designing a single objective function that can bound the EP will be an important
future work.

The second example demonstrated the estimation of the EP in an odd-parity Markov jump process
with three neural estimators ASp,, ASp,, and ASy, trained to maximize Jy,, Jy,, and Jy,, respectively.
We stress that our method is the first tool to estimate EP in a Markov jump process with odd-parity
variables. As shown in Eq. (3.24), the WTD does not contribute to the EP when the system has no
odd-parity variables. However, if the accessible states are coarse-grained variables, then the WTD plays
an important role despite the absence of odd-parity variables. In a related work, Martinez et al. [55]
developed a method using WTD statistics to infer the EP from trajectories of coarse-grained states
whose dynamics are described as semi-Markov processes; this method can infer EP even in the absence
of observable currents. Also, a recent work by Skinner and Dunkel [79] uses the fluctuation in WTD
to infer the EP rate in the hidden Markov processes of two coarse-grained states. As a future work,

developing an estimator for EP when odd-parity variables are coarse-grained will be an intriguing task,
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because the inferred EP from the trajectory of coarse-grained states can be larger than the actual EP
when odd-parity variables are coarse-grained [80, 81].

In summary, we have developed a machine learning based method that can estimate the stochastic
EP and EP rate in a fluctuating system with odd-parity variables via neural networks. Our method
was demonstrated with both an underdamped Langevin process and Markov jump process with odd-
parity variables. It is expected to provide a practical tool for studying nonequilibrium systems in general
experimental situations.

The results of all runs and the code implemented in PyTorch [56] are available online 2.

thtps ://github. com/kdkyum/odd_neep

28


https://github.com/kdkyum/odd_neep

Chapter 4. Deep reinforcement learning for finding optimal
feedback control in a collective flashing ratchet

* This chapter is reproduced based on the following published paper with its figures, tables, and
contexts - D.-K. Kim and H. Jeong, Phys. Rev. Research 3, 1022002 (2021).

4.1 Introduction

A flashing ratchet is a nonequilibrium model that induces a net current of Brownian particles in a
spatially periodic asymmetric potential that can be temporally switched on and off [82, 83, 84, 85]. If
one can access the position information of the particles, the current can be greatly improved by feedback
control that switches the potential on-off based on the position information [86]. Feedback strategies
for maximizing the current in flashing ratchets have been extensively studied [85, 86, 87, 88, 89, 90,
91, 92, 93, 94] due to the model’s applicability in various disciplines [95]; for instance, flashing ratchets
have been used for explaining transport phenomena in biological processes such as ion pumping [96],
molecular transportation [97], and by motor proteins [98,; 99, 100, 101]. However, the proposed feedback
strategies [85, 86, 87, 88, 89, 90, 91, 92] are not optimal policies for a moderate number of particles and
require prior information of the system as well.

Thanks to the recent advances in deep learning [47], physicists in diverse fields have been applying
it to complex problems that are analytically intractable, e.g. glassy systems [102], quantum matter [103],
and others [42]. In particular, reinforcement learning (RL) [104] has shown unprecedented success in
previously unsolvable problems through combination with deep neural networks [105, 106, 107, 108]. This
framework, so-called deep RL, has become a highly efficient tool for quantum feedback control, showing
similar or better performance than previous handcrafted policies [109, 110, 111, 112, 113]. In this work,
we employ deep RL to obtain optimal policies in the collective flashing ratchet model, and validate our

approach by application to a time-delayed feedback situation that occurs in actual experiments [93].

4.2 Collective flashing ratchet

We consider the collective flashing ratchet model [86], which consists of an ensemble of N non-
interacting Brownian particles in contact with a heat bath at temperature T and that drift in a spatially
periodic asymmetric potential U. The dynamics of the IV particles is governed by the following over-

damped Langevin equation:
i (t) = alse) F(xi(t) + &(1);
st ={xz1(t),...,en(t)}, ¢=1,...,N,

where ;(t) is the position of particle ¢, 7 is the friction coefficient, and ¢; is a Gaussian noise with zero

(4.1)

mean and correlation E[§;(¢)&;(t')] = 2nkpTd;;6(t — t') where E denotes the ensemble average. Here, o
is a deterministic control policy that depends on a set of positions s; with an output of 0 (off) or 1 (on).
The force is given by F(z) = —0,U(x) with the potential [see Fig. 4.1(a)]

o0 o (22 + L (2] 02
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Figure 4.1: (a) N =1 case. Top: Potential U and trained value network V,, as a function of position
x are denoted by blue and orange lines, respectively. Bottom: The solid line denotes the probability of
switching on the potential (pon) as a function of x for the greedy policy. The dotted line represents pon
of the trained MLP policy. (b) Illustration of a MLP with two hidden layers for the policy network my.

In all simulations, we set L = 1, kgT = 1, diffusion coefficient D = kgT/n = 1, Uy = 5kgT, and time
step size At = 1073L2/D. The current of the particles in steady state under policy « is denoted as

1 N

Various policies for maximizing the current (4.3) have been proposed as follows: the periodic switch-

E,[i] = E, (Unit : D/L). (4.3)

ing policy [85], maximizing instantaneous current (greedy policy) [86], threshold policy [87, 88, 89], and
Bellman’s criterion [94].

The periodic switching policy [85] is a(t) = 1 for t € [0, Ton), a(t) = 0 for ¢ € [Ton, Ton + Tos), and
periodic a(t + Ton + Tomr) = (t) with optimal periods Ton &~ 0.03L%/D and Tog ~ 0.04L?/D. For any
N, this policy gives the current E,[i] ~ 0.862D/L because it does not depend on the position but only
time.

The greedy policy [86] is defined as «a(s;) = O(f(s¢)), where f(s;) = Zf\il F(x;(t))/N is the mean
force and © is the Heaviside function given by O(z) = 1 if z > 0 or else 0. While the greedy policy is
the optimal one for N = 1, this policy is outperformed by the periodic switching policy for large N.

The threshold policy [87, 88, 89] is «a(s:) = 0 if f(st) < uon when f(¢) is decreasing, and a(s;) =1
if f(st) > uor when f(¢) is increasing, with thresholds ue, > 0 and ueg < 0. The threshold policy with
optimal thresholds gives mostly similar performance to the greedy policy for N < 102-10% and is better
than the greedy policy for larger N. It is also optimal for N = oo, which is equivalent to the periodic
switching policy.

Neither greedy nor threshold policy is optimal for finite N > 1. Roca et al. [94] proposed a gen-
eral framework for finding the optimal policy via Bellman’s principle, and found it for N = 2 using
numerical integration. However, this numerical method requires prior information of the model and is

computationally infeasible for large N due to the curse of dimensionality.

4.3 Actor-critic algorithm

We employ the actor-critic algorithm, which is one of the policy gradient methods in RL [104],
together with deep neural networks to find the optimal policies in the collective flashing ratchet for any
N.
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To formulate this problem in RL language, we define the reward as the total mean displacement of
the particles:

1 N
re=g D7 (@it + At) — z4(t)). (4.4)

i=1

The total discounted reward from time ¢, called return, is Gy = > o, fyer_(kH)M where v € [0,1)
is the discounting factor and we set v = 0.999. We build a policy network g, called actor, where 6
denotes the trainable neural network parameters, that takes system state s as an input. The outputs
m9(8) = (Pon, Poft) are the probabilities for switching the potential on or off [see Fig. 4.1(b)]. We sample
the on-off probability from my(s;) every ¢ in the training process.

The goal in RL is obtaining the optimal policy 7* that maximizes the expected total future reward,
ie. 7 = argmax, E.[G]. If the equation of motion is known, E,[G;] can be numerically calculated
using Bellman’s equation [94]. However, in this work, we assume that we can only access the system

state s; and reward r;. In such case, called model-free RL, we need an estimator V, for a value function:
V™ (51) = En[Gulsi), (4.5)

which is the expected return given state s; under a policy m. The estimator Vj, called value network or
critic, where ¢ denotes the trainable parameters, is also built with another neural network.

There are various optimization methods for the actor-critic algorithm [114]. Among them, we employ
proximal policy optimization [115], which is widely used in RL because of its scalability, data efficiency,
and robustness for hyperparameters (see Section 4.6.1 for training details). After the training process is

complete, we test the policy deterministically, i.e.

1 if pon > 0.5
a(sy) = where (Pon, Poft) = To(S¢)-
(s2) { 0 if pog > 0.5, (Pon, Porr) o(se)

4.4 Results

First, we employ multilayer perceptron (MLP) architecture for the policy network my and value
network V;, [see Fig. 4.1(b)]. The configuration details of the neural network architectures are given
in Section 4.6.2. Using the periodicity of the potential U(x), we transform the state s; into the input
feature ¥y = [p1(t), p2(t), ..., pn(t)] for neural network input where

oi(t) = [cos <2mz(t)) sin <2”Li(t) )] . (4.6)

Therefore, the input dimension of the MLP is 2/N and the output dimension is two for my. The value

network V;; has the same configuration except for having an output dimension of one rather than two. We
note that the discounting factor v = 0.999, which indicates the return G, can effectively be considered
as the total mean displacement between ¢ and ¢t + At/(1 — ). Accordingly, V4(2);) can be interpreted as
the expected current given 1; because the time step size is At = 1073L?/D.

For the N = 1 case, Fig. 4.1(a) shows that the trained 7y agrees with the greedy policy (bottom
panel), while Vj is slightly shifted to the right from potential U (top panel). This is because, at the
top of the potential valley (zmax), the particle can slide to the right or left with a 50/50 chance, and
therefore the expected current is maximum slightly right of xyax-

For the N = 2 case, as shown in the left panel of Fig. 4.2(b), the greedy policy switches on (off)

the potential when the particles are inside (outside) the white contour. On the other hand, the decision
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Figure 4.2: (a) DeepSets architecture for the policy network my. H is the number of hidden units for
each layer. (b) Decision boundaries from a trained MLP (left) and trained DeepSets (right) for N = 2.
The white contour denotes where the mean force f(x1,x2) is zero. The red contour is po, = 0.5 from
the trained policy network my. The color gradient represents the trained value network Vy. (c¢) Current
E.[%] as a function of N for each policy . Throughout this work, error bars represent the standard

deviation of the current measured from the realized trajectory ensemble over the period t = 50L2/D.

boundary of the trained MLP policy 7y (red contour) agrees with the policy discovered by Roca et al. [94]

and shows better performance than the greedy policy by considering the future expected current. For
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instance, in the orange dashed area, the instantaneous net current will be negative because the mean
force f(x1,x2) is negative when the potential is on. But considering each particle with a long-term view,
particle 1 and particle 2 are located on the downhill of the potential (Zmax < © < Zmin) and near the
minimum (%, ), respectively; while particle 2 will soon reach i, and become trapped in the potential
well, particle 1 can keep moving down along the potential [94].

However, the decision boundary (red contour) and V; (color gradient) are not symmetric over the
line x1 = x2 [see Fig. 4.2(b), left] because MLP outputs are not permutation invariant to the order of the
elements in the input feature ;. To address this issue, we employ a permutation invariant architecture,
called DeepSets [116], for the policy and value networks. In this architecture [see Fig. 4.2(a)], each
element (; in the input feature 1), is independently fed into a single MLP (beige), and the outputs of the
MLP are averaged over the elements and then fed to an another MLP. By using DeepSets for training,
the decision boundary and Vj show perfect symmetry over the x; = x2 line [see Fig. 4.2(b), right].

Now we apply these methods for N = 22, 23, ... 2!3, and compare the training results with the
greedy (blue circles), threshold (orange squares), and periodic switching (black dotted line) policies in
Fig. 4.2(c). Results show that the trained MLP policies (green triangles) outperform the greedy and
threshold policies for N < 10, but perform poorly for N > 10 due to the lack of permutation invariance.
On the other hand, the trained DeepSets policies (red triangles) outperform the other policies for any
N > 1 while converging to the periodic policy as N increases. Figure 4.3 shows that with increasing N,
the deterministic control a(t) of the trained DeepSets policy as a function of time ¢ converges with that
of the periodic switching policy.

We have also applied this methods to the sawtooth potential:

%x for 0<z< %
U(z) = and U(x + L) = U(z). (4.7
30Uy L L
UO—%<$_3> for §<$<L,

Figure 4.4(a) shows the sawtooth potential Eq. (4.7) with L = 1 and Uy = 5. And the training results
are shown in Fig. 4.4(b—c).

In an actual experiment, there is an inevitable time-delay between the measurement and the feedback
due to the calculation time in the feedback algorithm [90, 91, 92, 93]. To verify that deep RL is applicable

to such a realistic situation, we consider a feedback time-delay 7 in Eq. (4.1), i.e. «(s;) is replaced by
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Figure 4.3: Policy and value networks over time. The blue and orange lines denote «(t) and Vy(t),

respectively, as a function of time ¢ for N = 22,23,..., 213,
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a(s¢—r). In this case, the maximal net displacement (MND) policy [92], defined by

N
a(si—r) =0 (Z d(x;(t — T))) ) (4.8)

where the displacement function is d(z) = Zmin + o — @ fOr Zmax < T < Tmax + L and periodic
d(xz) = d(x+ L), can perform better than the greedy policy for 7 > 0 with optimal z¢ < 0 [93]. This can
be considered as a 7-delayed greedy policy because it predicts the arrival of the particles at xy;, after 7
from x¢ + Tmin. We train the neural networks for N = 1,2%,22,...,2% with time-delay 7 in the range of
0.00-0.05L2/D, and compare them with the greedy policy and the MND policy with optimal z.

For the time-delayed N =1 case [see Fig. 4.5(b), first row], the results show that the trained MLP
policies (gray diamonds) agree with the MND policy (orange triangles) and perform better than the
greedy policy (blue circles). For N = 2, the trained DeepSets policies (green triangles) outperform the
greedy policy and are slightly better than the MND policy.

While the actor-critic algorithm assumes that the feedback-controlled system is a Markov decision
process (MDP), the delayed-feedback process is not a MDP because the next state s;4 A not only depends
on the previous state s; but also the history of the on-off information. This problem can be reformulated
as a MDP by augmenting the input feature 1); with the on-off history [117]. Here, the d-step augmented

state at time ¢ is defined as

I = (4—rs Qt—ry At - - » Xt—7(d—1) At V), d=rT1/At.

In order to efficiently handle the augmented state, we build the policy network with a recurrent
neural network (RNN). We employ an embedding layer to transform the discrete variable « into a
continuous variable, and we use a gated recurrent unit (GRU) [54], a widely used gating mechanism in
RNNs due to its parameter efficiency and good performance on the sequential datasets, for the RNN.
As shown in Fig. 4.5(a), we concatenate the output vectors from DeepSets (orange nodes) and the
RNN (blue nodes), where DeepSets and the RNN encode the position information ; and potential
on-off history, respectively. We then feed the concatenated vector to a MLP. See Section 4.6.2 for the
configuration details. As can be seen in Fig. 4.5(b), the trained RNN policies (red stars) show slightly
better performance than the other policies for N = 1 and noticeably better performance than the others
for N = 2. And also, the RNN policies outperform the greedy, MND, and DeepSets policies for the
N =4,8,16, 32 cases.

(a)
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Figure 4.4: Training results for the sawtooth potential. (a) N = 1 case. Top: Sawtooth potential
U (4.7) and trained value network V,, as a function of position = are denoted by blue and orange lines,
respectively. Bottom: The solid line denotes the probability of switching on the potential (pon) as a
function of x for the greedy policy. The dotted line represents po, of the trained MLP policy. (b) N = 2
case. The decision boundaries of the trained DeepSets policy and the greedy policy are shown with the

red dashed and solid white contours, respectively. (¢) The current E, [Z] as function of N for each policy.
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Figure 4.5: (a) Architecture of policy network 7y augmented with an RNN. (b) Time-delayed feedback
results for the greedy, MND, MLP (only for N = 1), DeepSets (for N > 1), and RNN policies at
increasing N. The black dotted lines denote the current of the periodic switching policy.

4.5 Discussion

We have tackled the problem of finding an improved policy for maximizing the current in the

collective flashing ratchet model through deep RL. Unlike the previous model-based method [94], the
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model-free RL approach used in this study does not require information on the parameters of the system
(e.g. potential, diffusion coefficient, and others). The deep RL approach makes it is possible to find
state-of-the-art feedback strategies using suitable neural network architectures through training only in
the process of interacting with the environment. Also, we have demonstrated that deep RL outperforms
the previous strategies in a time-delayed feedback situation; therefore, we expect that this study can be
effectively applied experimentally.

Although feedback control in the collective flashing ratchet can induce an effective coupling between
non-interacting particles, molecular motors like kinesin, for example, explicitly interact with each other
via hard-core repulsion. According to previous studies on interacting molecular motors [98, 99, 100], their
cooperative behavior can enhance transportation ability several times or more compared to individual
motors. Further research applying deep RL on interacting molecular motors will be intriguing.

Another interesting future task would be the application of deep RL to a collective flashing ratchet
in which a time-periodic external driving force acts on the particles [118]. A ratchet-like mechanism
for transportation in the cell membrane (such as ion pumping [96] or glycerol transportation [97]) can
improve the current via the periodic driving force. Therefore, investigating whether a deep RL agent
can exploit not only fluctuations in the environment but also time-dependent environmental dynamics
is expected to aid the understanding of such biological processes.

In real-world scenarios, there may be measurement or feedback errors due to instrument noise [119,
120, 121]. Such cases are not only important in physics, e.g. information thermodynamics [122], but also
in RL for real-world applications [123]. Therefore, it will also be an interesting future work to study RL
from a thermodynamics perspective; we expect that the collective flashing ratchet model can be utilized
as a useful environment to benchmark RL algorithms in such situations.

The results of all runs and the code implemented in PyTorch [56] are available in the GitHub

repository?!.

1https ://github. com/kdkyum/RatchetDRL
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4.6 Supporting Information

4.6.1 Training details

We use the proximal policy optimization (PPO) [115] algorithm implemented in Ref. [114]. The
PPO algorithm updates the parameter 6; of policy network my at epoch ¢ by the following equations:

0;+1 = argmax L(0), (4.9)
0

L®)= E [min<”(8’“)m9i(s,a), g(e,A”"i(s,a)))], (4.10)

(s,a)w'n'gi o, (s,a)

where 7y (s, a) is the probability of choosing action a given the state s, and € is a hyperparameter that

restricts how much the new policy can be changed from the old policy. Function g is defined as

g(e,A):{ 1+eA ifA>0

(1-eA if A<O. (4.11)

Here, A™(s,a) is the advantage function that indicates how much better or worse the action a is than
the other actions on average for the present policy 7 and given state s. In this section, ¢ represents the

time step, rather than time, for convenience. The definition of A™ (s, at) is
A" (st,at) = Q7 (s, ar) — V7™ (s1), (4.12)

where Q7 (s¢,ar) = Er[Gilse, ai] and V7™ (s;) = Er[G:|s:] are the action-value function and the value

function, respectively. The return Gy is defined as Gy = ;7 yriyi41 where 7 is the discounting factor.

PPO uses the generalized advantage estimator (GAE) [124] AtG AB(YY) for an accurate evaluation of the

advantage function. AS*FOY ig defined as
{GAB(1Y) o
AS (r:A) _ 2(7)\)15&“ (4.13)
1=0
(52/ =1+ ’}/Vﬂ—(st+1) —Vﬂ(St), (414)
—_—

=Q7 (s¢,a¢t)

where A € (0,1] is a hyperparameter for adjusting the bias-variance tradeoff in A? AB(LA) - gee Algo-
rithm 4.1 for the detailed training procedure. The policy and value networks are initialized with the
default random initialization setup in PyTorch [56]. Two Adam [58] optimizers are used respectively for
the policy and value networks training. During the stochastic gradient ascent stage for the policy network
(step 4 in Algorithm 4.1), the early stopping method is applied to prevent the updated policy from going
too far from the old policy [114]. Early stopping means that if the Kullback—Leibler divergence (KLD)
from the updated policy 7y to the old policy g,

Dyi(mg, | 1) = E {bﬁw} (4.15)
oS

(s,a)~e,
exceeds the threshold 1.5 X diare, then the gradient steps stop. See Table 4.1 for the values of all the
hyperparameters used in the training. For each N, we run Algorithm 4.1 five times independently with
five different random seeds, and we pick the policy and value network that show the best performance
among the five. All reported results in this paper are from the best-performing neural networks. Each
run was conducted on a single NVIDIA TITAN V GPU.
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Algorithm 4.1 Proximal policy optimization algorithm

Require: Environment, policy network my, value network Vg, optimizer for ¢, optimizer for ¢

1:
2:

fori=1,2,...,& do

Run simulation of multiple trajectories simultaneously under the present policy network mp, in
the environment and collect the dataset D; = {T'(™}m=M where M is the number of trajectories.
Here, I'" denotes the trajectory of the state, action, and reward, and can be represented as I' =
[s1,a1,71, S2,a2,72,83,...,7T, ST+1] Where T is the length of a single trajectory.

Compute estimated return

T—t—1
Gi= > (Vrepis) +9" V7 (s040),
1=0
§Y (4.14), and ASAE(%/\) (4.13) for all time step t and trajectory T' in D; using the present value
network V7™ = Vg, .
Update the policy network by maximizing the estimated L(6) (4.10):

0ir1 = argmax— Z me( 0(5t,ar) AS’AE(%A)’ g(e,A?AE(’Y’)‘))> 7

FED =1 o, Staat)

via the optimizer for § with a mini-batch size of B.

Update the value network by minimizing the mean-squared error:

MT Z Z (Gt V¢(8t))2’

r'eD,; t=1

Giv1 = argmin

via the optimizer for ¢ with a mini-batch size of B.

end for

Hyperparameter Value
Trajectory length T 2000
Jectory feng N|m |8 N [Mm]B
Number of epochs £ 400
) ) 1 1024 | 4096 128 | 8 256
Discounting factor 0.999
2 | 512 | 4096 256 | 8 256
GAE parameter A 0.95
o 4 | 256 | 4096 512 | 8 256
Clipping parameter € 0.2
Tareet KLD & v stonping d 0.01 8 128 | 4096 1024 | 8 256
arge or early stopping dyar .
Be B o cal’y SLOPPING Gtare 16| 64 | 2048 2048 | 8 | 256
Training iterations for my per epoch | 625
o ] 32 | 32 1024 4096 | 8 256
Training iterations for V,, per epoch | 625
) 64 | 16 512 8192 | 8 256
Learning rate for my 3x 1074
Learning rate for V 1073

Table 4.1: Left: Hyperparameters. The hyperparameters not listed in this table are set as defaults in

PyTorch. Right: The number of trajectories M and mini-batch size B for each number of particles V.

4.6.2 Architecture configurations

We use ReLU [57] as the activation function for the policy network 7y and value network Vj. See

Tables 4.2, 4.3, and 4.4 for configuration details of the MLP, DeepSets, and RNN policy networks,
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respectively. The policy network 7wy computes the on-off probabilities using the softmax function in the
output layer. The value network V; has the same configuration except for having an output dimension
of one rather than two. We set the number of hidden units to H = 64 and the embedding dimension to

E = 16. Here, o is the potential on-off history:

Oé,(gi = (Q—ry Qg Aty - -+ atf-r+(d71)At)7 d=rT/At. (4.16)

MLP policy network

Layer Output dim | Activation function
Input v 2N

Fully-connected | H ReLU
Fully-connected | H ReLU

Output layer 2 None

Table 4.2: Two-hidden-layer MLP configuration.

DeepSets policy network

Layer Output dim | Activation function
Input v N x 2

Fully-connected | N x H ReLU
Fully-connected | N x H None

Average H

Fully-connected | H ReLLU

Output layer 2 None

Table 4.3: DeepSets configuration.

RNN policy network

Module Layer Output dim | Activation function
Input ¥y N x 2
Fully-connected N x H ReLU

DeepSets (1)
Fully-connected N x H None
Average H
Embedding o dx E
RNN(a?) &

GRU(af) last output 2F
Concatenate [DeepSets(;), RNN(af)] | H +2E

MLP Fully-connected H ReLU
Output layer 2 None

Table 4.4: RNN configuration.
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Chapter 5. Conclusions

In this thesis, we have discussed how to study nonequilibrium processes through deep learning. Here I
present a short summary of the results and conclusions of each chapter. Note that this thesis focused
on two thermodynamic quantities, heat (Chapter 2 and 3) and work (Chapter 4). In addition, we are
able to efficiently solve high-dimensional problems by using a deep learning framework that has recently
made remarkable progress.

In Chapter 2, we developed the neural estimator for entropy production (NEEP), which estimates
entropy production (EP) from trajectories of relevant variables without information on the underlying
mechanism of systems. We rigorously proved that the estimator, which can be built up from different
choices of deep neural networks, provides stochastic EP by optimizing the objective function we proposed.
We also verified our approach via simulation on two widely studied nonequilibrium models, namely bead-
spring and discrete flashing ratchet. Thanks to the unprecedented advances of deep learning, we showed
that NEEP is applicable to high-dimensional state variables. In addition, we demonstrated that NEEP
can provide coarse-grained EP for Markov systems with unobservable states, even when we can only
access partial information, which is the usual situation in practice. It is expected to be beneficial in
applications to intricately organized systems where numerous variables are entangled and hidden, such
as biological systems, active matter, and others, for a deeper look into their high-dimensional fluctuating
dynamics.

In Chapter 3, we resolved the difficulty of measuring the EP of a system with odd-parity variables via
multiple neural networks, which represent a generalized version of NEEP. With only the state variable’s
parity information, our method can learn the exact EP from trajectory data. Owing to our method,
the EP of a system with mass can be estimated. We demonstrated our method by using a system with
inertia and an active system, namely an underdamped bead-spring model and a one-particle odd-parity
Markov jump process. We expect that this method will be a practical tool for studying nonequilibrium
systems in general experimental situations.

In Chapter 4, we employed deep reinforcement learning (RL) to find the optimal policy for max-
imizing the current in the collective flashing ratchet. Our results show that the policies discovered by
deep RL not only agree with the previously known optimal solutions for particle number N = 1 and
N = 2 case, but also outperform the previous policies at N > 2. As a realistic situation, we considered
time-delayed feedback, where the on-off switching of the potential is delayed due to the calculation of the
feedback algorithm. Even in such cases with time-delays, the deep RL shows better performance than
the previous policies. Therefore, we expect this study to be effectively applied to experiments involving
the inevitable time-delays.

In short, we showed that deep learning can address complex problems in nonequilibrium physics.
Using deep learning, we can measure heat from high-dimensional trajectory data and figure out what
mechanism can maximize work in the collective flashing ratchet. I hope the presented studies in this

thesis will be practical tools for understanding complex nonequilibrium systems, which prevail in nature.
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